This article presents a novel methodology for the inspection scheduling of gas turbine welded structures, based on reliability calculations and overhaul findings. The model was based on a probabilistic crack propagation analysis for welds in a plate and considered the uncertainty in material properties, defect inspection capabilities, weld geometry, and loads. It developed a specific stress intensity factor and an improved first-order reliability method. The proposed routine alleviated the computational cost of stochastic crack propagation analysis, with accuracy. It is useful to achieve an effective design for manufacturing, to develop structural health monitoring applications, and to adapt inspection schedules to airplane fleet experience.
Introduction
Damage tolerance analysis methods have been used since the early 1970s to design and determine inspection intervals for aircrafts. Rogue flaws in structures will not grow to failure between scheduled inspections, based on the Paris-Erdogan 1 law. In 2001, the Federal Aviation Authority Advisory Circular (AC 33.14.1) 2 added a new damage tolerance element to existing design and life management processes for aircraft gas turbine rotors, based on the probabilistic fatigue analysis methodology that is implemented in the well-known DARWIN Ò code by Wu et al. 3 This procedure is used to predict uncontained engine failure because of microcracks and micropores that are caused by alpha-phase anomalies in titanium alloys. Structural health monitoring technologies allow for the detection of structural damage with crack growth damage during component lifecycles by means of sensors. These techniques have developed rapidly over the last two decades, which has enabled the implementation of component operating conditions into crack growth models, as explained by Coppe et al. undetected weld defects and to define the proposed inspections plans. These methods consider the sensitivity of manufacturing conditions, inspection methods, and component-loading conditions to achieve reliability target with minimum inspection and manufacturing costs.
In this article, we present a new probabilistic fatigue analysis methodology for gas turbine welded structures, which is similar to those reported in the literature, 3, 5, 7, 8 but with several substantial differences. It uses an improved first-order reliability method (FORM) which includes fracture variability to evaluate the component reliability as was done by Madsen et al., 9 Kale and Haftka, 5 and Feng et al., 10, 11 and to estimate the crack size distribution after inspection. In this sense, the new methodology is more efficient. Furthermore, it updates damage growth parameters based on the data obtained from inspections as done by Kapur and Lamberson, 12 Coppe et al., 4 Kim et al., 13 and Bhachu et al., 14 which allows for an update of the inspection plan. The crack growth law incorporates an ''ad hoc'' stress intensity factor (SIF) formulation for welds, 15 which is defined by elementary functions that are obtained by solving the integral of the Paris-Erdogan equations for a surface crack in a welded plate. Thus, inspection scheduling can be planned based on the reliability updating of gas turbine welded structures using this new efficient methodology. The flowchart in Figure 1 , explained by Opgenoord and Willcox, 6 shows the different steps in the methodology. It has four loops that can be repeated separately or simultaneously (all loops at the same time) during all of the component life phases.
The first loop, which is typically used in the component design process, defines the inspection based on target reliability. As a first step, the target reliability is established and the welding parameters are defined (explained in section ''Inputs: target reliability and welding parameters''). The defect growth laws are established as described in section ''Crack growth model.'' A reliability evaluation is carried out as explained in sections ''Fracture limit state function,''''Fatigue limit state function,'' and ''Fracture probability: FORM+fracture.'' A comparison of this result with the required reliability yields a first inspection schedule.
The second loop, which is typically used in the manufacturing definition process, is a sensitivity analysis to estimate the impact of and identify the most critical welding parameters. The welding parameters are used as the input data together with the defect growth law, to evaluate the reliability, and a parameter sensitivity study is performed as described in section ''Loop 2: sensitivity of welding parameters.'' The results and consideration of the inspection and manufacturing methods allow for the definition of a new set of welding parameters. The new parameters can be used as the feedback to the first loop to define a new inspection schedule.
The third loop corresponds to the forecasting of reliability evaluation after an inspection. The welding parameters are used as the input data and, with the defect growth law, the defect size and rate that are found during inspection are forecast as explained in section ''Loop 3: reliability evaluation after inspection.'' The reliability evaluation is updated based on the inspection, which provides a typical saw-tooth reliability graph.
The fourth loop corresponds to the service support process. In addition to the steps in the third loop, the defect size that is estimated in loop 3 is compared with Figure 1 . Schematic of the proposed process for component inspection definition.
the inspection findings (section ''Loop 4: probabilistic damage growth model update by inspection findings''). Thus, using the likelihood analysis as suggested in Lo´pez de Lacalle et al., 16 the welding parameters can be updated, and loops 1, 2, and/or 3 can be rerun to obtain an ''Inspection scheduling based on reliability updating.'' As outlined in the previous paragraphs, based on the flowchart in Figure 1 , the article is structured as follows. Sections ''Loop 1: reliability evaluation and first inspection schedule'' and ''Loop 2: sensitivity of welding parameters'' contain the damage growth model parameters, the crack growth model, and the novel FORM+fracture reliability evaluation methodology. Section ''Loop 3: reliability evaluation after inspection'' describes the procedure to evaluate and update the reliability after an inspection. Section ''Loop 4: probabilistic damage growth model update by inspection findings'' explains the methodology to forecast inspection findings and the maximum-likelihood estimator (MLE) methodology to update the crack growth model used. Section ''Numerical example: application to gas turbine engine components'' presents, for illustrative purposes, a numerical example of an electron beam weld in a pressure containment case and discusses the performance of the method. Section ''Conclusion'' presents the main conclusions of the work.
Loop 1: reliability evaluation and first inspection schedule

Inputs: target reliability and welding parameters
After defining the target reliability requirement (failure probability in N load cycles), the welding parameters (weld fatigue crack growth variables) must be introduced as the input data and considered as statistical variables. 17 The welded structural components under study are divided into different areas with the same failure probability. 18 Each area has its own set of parameters listed in Table 1 , and the impact on fatigue growth is evaluated individually depending on the welding process and its load. Most parameters are considered statistical variables with the corresponding mean and standard deviations of a probability distribution function (PDF) that is intentionally ''right tailored adjusted'' to a normal or lognormal distribution. The parameters are grouped in different categories depending on their nature, as shown in Table 1 .
Inspections. The initial defect size a i (prior to the part's first usage) PDF is obtained from the probability of detection (POD) curves of several nondestructive tests (NDTs), which are applied to the component during the manufacturing processes, namely, X-rays, fluid penetrant inspection, eddy current, and ultrasonic inspection. Thus, the POD curves are defined in the industrial NDT standards, after a statistical hit-miss analysis of a test piece inspection finding. 19 The manufacturing crack occurrences per unit weld length d are evaluated based on the number of welding areas of the reworked part and consideration of the POD curve. d is considered a constant parameter, because it is proportional to the failure probability to be evaluated, and it is not considered in the crack propagation analysis. The final surface crack size a f prior to fracture is correlated fully with the fracture toughness statistical variable K Ic , which is one of the material properties that is specified in the following section. Material properties. The weld defects are considered sharp cracks that grow according to fatigue growth rates defined by the Paris-Erdogan parameters c and n. 1 The parameter c is considered a statistical variable, whereas the parameter n is a constant to ease integration of the Paris-Erdogan equation. Failure occurs because fracturing occurs when the defect size reaches the fracture toughness K Ic , with a specific final crack size a f . 20, 21 The fracture test specimen thickness needs to represent the plane stress/strain working condition of the structural member under study. The proposed methodology assumes that the weld residual stresses are negligible. 22 In addition, the advantages of the crack growth threshold and retardation effects on the fatigue crack growth are not considered.
Welding geometry and acceptance criteria. The butt welds' acceptance criteria 23 restrict the four welding geometry statistical variables in Figure 2 , namely, the resultant angular misalignment (a), the weld linear misalignment after welding the joining sheets (e), the weld thickness variation related to the welding parts' nominal thickness (t w ), 18 and the resultant stress concentration factor of the weld crown-root geometry (y). The welding process is unacceptable until these variables are below specified limits. Each variable has an independent PDF, with a mean value that corresponds to the component's nominal condition, and standard deviations that agree with the welding acceptance limits.
Loads and the finite element method. Because of manufacturing limitations and simplifications in the welding process, butt welds are produced in the location with the lowest component thickness. The stress behavior of the parts corresponds to a shell element, and the load is defined by two independent statistical variables that are obtained from an uncracked finite element model (FEM), namely, the axial stress sa and the bending stress sb. Both variables are considered to be uncorrelated such that the thermal and mechanical loads are considered independently. The loads are repeated N times (which is a constant value that is defined in the specifications) during the welded component life.
Method uncertainty. In most cases, it is impossible to model three-dimensional (3D) crack growth in a cracked FEM. Instead, the proposed methodology uses an analytical SIF, 24, 25 by considering the stress history obtained using an uncracked FE model. The main simplifying assumptions are that crack growth occurs within a plane and that the aspect ratio of the crack remains constant during the growth process. 26 The bivariant stresses 27 and thermal load relaxation when the crack opens 28, 29 are not considered. The statistical variables l w and Y represent the variation in SIF between the most realistic crack growths based on a 3D cracked FEM and the simple proposed analytical model. Thus, the method uncertainty PDF variables measure the conservatism and possible improvement if a more realistic model is used. The PDF mean value corresponds to the nominal analytical SIF values, and the PDF standard deviation corresponds to the differences between the nominal analytical and the accurate 3D FEM model crack growth values.
Method: probabilistic damage growth model
Crack growth model. This article uses the original ParisErdogan model 1 to predict growth anomalies in butt welds. The parameters c and n were estimated experimentally for the material using a log-log scale plot to relate the growth rate da/dN to the SIF DK as shown in equation (1) 
For the SIF, a mode I propagation law of a surface elliptical crack in a plate was considered. The formulation by Wilson 24 and Newman and Raju 25 was used, which calculates the SIF as a function of the axial load sa and bending load sb in equation (2) . The constant Y corresponds to the surface crack stress correction factor for an elliptical integral, and l w , l t , and l b correspond to the tabulated surface crack stress correction factors for thickness, axial loading, and bending loading, respectively
Two SIFs could be considered: one in the surface of the crack and the other in the deepest point of the surface crack at 90°. Butt welds work mainly under bending load, so the crack grows in the weld surface, and therefore the SIF corresponds to the welded surface. During crack growth, a constant relationship of 0.563 is considered between the crack depth and the crack length (size) on the surface according to Sundararajan and Hudak 26 for equation (2) . Consequently, equation (2) becomes equation (3), which depends on the crack size a, weld thickness t, axial stress sa, and bending stress sb
Here, DK, sa, and sb in equation (3) must be adapted to consider butt weld geometrical effects, which become DK w , sa w , and sb w , respectively, in equation (7), and which represent the propagation law of a surface elliptical crack in a welded plate. First, the weld thickness t w is updated for the axial and bending stresses in equations (4) and (5), respectively. 23 Weld manufacturing misalignment e and angularity a increase the bending stress 23 as shown in equation (5). Finally, the powerlaw function of equation (6) defines the stress concentration in the weld crown and root, 30 which yield equation (7) sa w = sa t w t ð4Þ
Fracture limit state function. For an evaluation of the reliability, the fracture and fatigue limit state functions 31 are defined in sections ''Fracture limit state function'' and ''Fatigue limit state function,'' respectively, according to Figure 1 . Then, the fracture probability is evaluated in section ''Fracture probability: FORM+fracture,'' as shown in Figure 1 .
With regard to the fracture limit state function, in a structure, the crack grows until the material fracture toughness K Ic is reached. If the crack section material works in the plastic region, the fracture toughness needs to be corrected. 15 The fracture of the crack section occurs when the state function FE1 defined in equation (8) becomes 0, starting from 21 when the crack size is small
Fatigue limit state function. A second state function FE2 is established in equation (9), which relates the crack growth in a period for a number of load cycles N. The function is obtained by substituting equations (4)- (6) into equation (9) . FE2 becomes 0 when, at N cycles, the crack size is a, whereas it is 21 when the crack growth is slow. Both state functions need to become 0 to fracture at N load cycles. FE2 and FE1 must be 0 and negative, respectively, to achieve a specific crack size a in N load cycles during crack growth
The integral in equation (9) is a binomial integral type, developed in equation (10), where c 0 and c 1 are the intermediate variables to simplify the expression, with the values shown in equations (11) and (12), respectively. The integral is solved using elementary functions through the variable change c 0 +c 1 a = t s because the binomial integration requirements are fulfilled: 32 n is a fraction and 2(w+1/2)n is an integer
Fracture probability: FORM+fracture. The probability of failure Pf w after N load cycles in equation (13) is calculated as follows. First, the structure welds are divided into different areas with the same fracture risk. Each area of length is selected with a constant crack growth rate that is proportional to the weld length multiplied by the maximum area stress power to the Paris constant n. The event failure of each area, F i , is evaluated individually and each zone has a defect occurrence probability per unit of length d. If the occurrence rate of the defects is small, the probability of having two or more defects in the same part is negligible and the failure probability is the sum of the failure probability of the individual areas. 3, 33 Thus, the overall risk probability is the union of the na individual areas' failure, and if the failure probability of each area is small, the expression can be approached as the addition of all individual probabilities 3, 33 Pf w (N ) = P(
Conventional FORM [34] [35] [36] calculation uses the FE2 = 0 state equation. Because of the large variability in fracture toughness in the welds, K Ic is considered a variable in this work, so the FORM calculation needs to incorporate an additional constraint FE1 = 0 in equation (14) to update the critical crack size a f between the design most probable point (DMPP) and the failure most probable point (FMPP). This approach will be referred to as ''FORM+fracture.'' The FMPP is obtained at the minimum measured distance between the DMPP and the failure surface. A nonlinear optimization problem with one constraint (FE1 = 0) is solved using the method of feasible directions. 37 During the optimization process, the critical crack size parameter a f is updated to fulfill failure mode FE2 = 0 and restrict FE1 = 0 in the FMPP. By means of an iterative algorithm, a reliability index b fi (equation (15)) 34-36 which represents the minimum distance between the DMPP and the FMPP in a normalized space (see Figure 3) is obtained. This minimum distance corresponds to the number of standard deviation distances between the FMPP and the DMPP
The reliability index b fi evaluated at different load cycles N establishes the failure probability Pf w (equation (16)) and defines the first inspection interval to guarantee the target component reliability, which is the objective of loop 1 in Figure 1 as described in the section ''Introduction.'' When the failure probability reaches the failure target value, an inspection to remove the defective parts is needed 
Loop 2: sensitivity of welding parameters
Once the reliability index b has been evaluated to determine the first inspection interval in loop 1 (see Figure 1) , loop 2 performs a sensitivity study of welding parameters to identify the most critical parameters. The reliability sensitivity to the mean and standard deviation of the input variables are expressed as functions of the reliability index b. The vector that joins DMPP and FMPP in the same normalized space determines the gradient vector a i , which approximates the sensitivity of the mean and standard deviation values of all variables related to the input variables (equations (17) and (18)) 38,39
By means of these equations, the input variable mean and standard deviation relevance in the reliability are calculated, and road maps to improve the welded component reliability can be defined.
Loop 3: reliability evaluation after inspection
Once the reliability index b has been evaluated to determine the first inspection interval in loop 1 (see Figure  1) , loop 3 forecasts a defect size and rate that will be found during the inspection.
Defect size forecasting
The probability of a failure decreases after each inspection because, whenever cracks are detected, the components are either rejected or repaired. Two inputs are necessary to establish the number of cracks that will be detected during an inspection, namely, the component crack size distribution at inspection and the POD of the selected inspection method. 19 To evaluate the crack size PDF after N load cycles, the FORM optimization loop is used [34] [35] [36] and a MonteCarlo simulation (MCS) is avoided. Thus, the fracture toughness PDF (FE1) does not take part in the defect growth calculation, and the FORM calculation only incorporates FE2 = 0. Equation (19) repeats the FORM optimization loop at each area, sweeping different defect sizes, as illustrated in Figure 4 P(N , a) '
The analysis is a sweep across different defect inspection sizes. At each size, the crack distribution probability Pi(N,a) is obtained by an iterative algorithm. b a represents the probability of having a defect size larger than a; and represents the minimum distance between the DMPP and the defect size most probable point (DSMPP) in a normalized space, as shown in Figure 4 . The unconstrained nonlinear optimization problem is solved using the method of feasible directions. 37 
Defect rate forecasting
The PDF of the crack size that will be detected during the inspection a is obtained by the concurrence of three circumstances: the crack existence Pi (N,a) , the crack detection POD(a), and the crack occurrence d. The detected crack rate per length unit in each zone d di is obtained by integrating these three factors for all crack sizes (equation (20))
Equation (21) provides the percentage of defective part removal d dpr , calculated as the mean value of the crack rate detected per unit of length d di 
Fracture probability and inspection plan
The fracture probability obtained in section ''Method: probabilistic damage growth model'' is updated based on the defect rate forecasting. Once again, the reliability index b fi establishes the failure probability Pf w (equation (15)) and defines the inspection interval to guarantee the target component reliability. After the inspection, cracked elements are removed or repaired, and the component reliability is kept on target until the next inspection. When the failure probability reaches the failure target value, an inspection to remove the defective parts is needed. The removal of these defective parts reduces the failure probability a d dpr percentage (equation (22)). The results provide a typical sawtooth graph that maintains the failure probability above the target
As a result, loop 3 updates the reliability evaluation based on the prediction of the number and size of defects that occur in each inspection.
Loop 4: probabilistic damage growth model update by inspection findings
Once the reliability index b has been evaluated to determine the first inspection interval in loop 1 (see Figure  1) , and this reliability evaluation has been updated in loop 3, loop 4 compares the defect size forecast in loop 3 with real inspection findings.
The number of inspection findings will differ from the value forecast by equation (19) ; thus, the difference is used to tune the detected crack rate per length unit d. For such purposes, an exponential distribution is commonly used. 40 The size of the component inspection findings redefines the inspection plan. Two different approaches were evaluated in this work: the MLE, which is similar to the Bayesian approach, 12, 13 and the failure-weighted mean square value (FWMSV).
The MLE is used to update the mean and standard deviations of the variables in Table 1 . The process optimizes the cycle, the objective of which is to maximize the likelihood of the sum of probabilities for the nf defects found during the inspection (equation (23)). The optimization loop includes defect size forecasting calculations described in section ''Loop 3: reliability evaluation after inspection'' for each defect found, using the method of feasible directions 37 
MLE =
The FWMSV is used to update the mean and standard deviations of the variables in Table 1 . In this case, the process optimizes the cycle, the objective of which is to minimize the mean square difference of the crack size exceedance probability weight by the failure probability when that crack size is detected (equation (24)). Again, the optimization loop includes defect size forecasting calculations in section ''Loop 3: reliability evaluation after inspection'' for each defect found, using the method of feasible directions, 37 together with fracture probability calculations similar to that presented in section ''Fracture probability: FORM+fracture'' but using the defect size as the initial crack size a i
In both cases, the parameter update is guided and limited by the uncertainty weight that is applied to each variable. Those uncertainty weights modify the parameter gradient used during the optimization loop and avoid inconsistent solutions. They are selected by engineering judgment and are based on the confidence levels of the parameters in Table 1 .
After the original parameters in Table 1 are updated to reach the maximum MLE or the minimum FWMSV, loops 1, 2, and/or 3 can be rerun to obtain an ''Inspection scheduling based on reliability updating'' as suggested by Lo´pez de Lacalle et al.
16
Numerical example: application to gas turbine engine components This section presents a numerical example to evaluate the reliability of a welded jet engine case based on the developed methodology. The geometry in Figure 5 corresponds to a circular butt electron beam weld that axially joins two cylinders of 2.2 mm thickness and 707 mm diameter of a nickel-based heat-resistant alloy. The loads are caused by the temperature difference between the jet engine core and the ambient atmosphere during a flight cycle. Each flight corresponds to a single load cycle, which starts and ends with a null load and reaches the maximum stress level at take-off. Skin loads are applied in 36 mm lengths, with 100 MPa outside and 60 MPa inside the cylinder, following a parabolic stress distribution in the circumferential direction (see Figure 6) . Table 2 summarizes the mean value and standard deviation of the parameters considered in the calculation, as presented in Table 1 . The manufacturing crack occurrence per unit weld length d is 5.0 3 10
25
. The butt weld acceptance criterion restricts the standard deviation of the misalignment to 5%, the thickness reduction to 3%, the angular misalignment to 0.05 rad, and the stress concentration factor variability to 15%. The defect POD has a mean size of 0.38 mm with a 1.04 mm standard deviation. 41 The Paris constant n has a value of 3.5, whereas c incorporates the defect growth variability. The fracture toughness K Ic considers the variability of the final crack size before fracture. As discussed in section ''Inputs: target reliability and welding parameters,'' the effect of weld residual stresses, 22 the crack growth threshold, and the retardation effects are not considered in the fatigue crack growth.
The weld reliability target needs to be below 1.4 3 10 24 during 300 load cycles, to fulfill component requirements. A deterministic crack propagation analysis, which considers the existence of a crack in the most stressed location at the beginning of the component life and the mean value of the parameters in Table 2 , predicts a structural failure at 530 load cycles.
Loop 1: probabilistic damage tolerance assessment
The method in section ''Loop 1: reliability evaluation and first inspection schedule'' allows for a definition of the inspection based on the target reliability. As a first step, the target reliability is established and welding parameters are defined, as explained in section ''Inputs: target reliability and welding parameters.'' Next, the defect growth laws are established as described in section ''Crack growth model'' and the reliability evaluation is carried out as explained in sections ''Fracture limit state function,''''Fatigue limit state function,'' and ''Fracture probability: FORM+fracture.'' Finally, this result is compared with the required reliability, and a first inspection schedule is established. The unique welding process is divided into different areas. Each area of length is selected to have a constant crack growth rate that is proportional to the weld length multiplied by the maximum area stress power to the Paris constant n, as explained in section ''Fracture probability: FORM+fracture.'' Each area is evaluated independently with its own set of parameters and its own probability failure.
The weld division process and the failure analysis explained above are repeated, until the overall weld probability (equation (13)) converges. Table 3 shows the results with 12 areas at 300 load cycles, and the calculations are repeated at different load cycles to build a fracture probability curve shown in Figure 7 .
The calculations to obtain the fracture probability (section ''Method: probabilistic damage growth model'') are repeated for different load cycles, which gives the failure probability curve in Figure 7 . The failure probability reaches the failure target value, close to a hundred load cycles, and an inspection is necessary to remove or repair the defective parts.
Loop 2: weld parameter sensitivity
The method in section ''Loop 2: sensitivity of welding parameters'' allows us to obtain the input parameter sensitivity and an identification of the main variables that contribute to failure probability. The sensitivity helps in the ''design-from-manufacturing'' process during the new product design stage, given a budgeting of all uncertainties that affect the inspection plan.
The 15 parameters are grouped under five categories, which identify the areas to activate to improve the reliability: inspection, material properties, welding geometry and acceptance criteria, loads, and method uncertainty. Table 4 summarizes the reliability index b fi sensitivity in the example, using equations (16) and (17) . The mean and standard deviation sensitivity values consider the mean values in Table 2 as a unit reference. In the special case of linear and angular misalignment, a 15% thickness t and 0.175 rad are considered a unit reference, respectively.
The importance percentage of the parameter group in Figure 8 has been obtained by adding the absolute value of the sensitivities of the parameter in each group reported in Table 4 . Figure 8 gives guidelines to improve the welding reliability in future designs. First, the material property parameters of 43% and 33%, respectively, indicate aspects where focus is required to improve the component reliability. Second, the initial crack size, at only 2% and 3% of the contribution, is not the main parameter to consider; thus, the NDT inspection process can be relaxed. Third, the welding process improvement (as the removal of weld fillets by machining) and the process acceptance have a medium impact on the reliability with 18% and 35% impact. Finally, the method uncertainty mean value gives 23% and 21% improvement. If the calculations are refined by 3D FEM modeling, the expected improvement could be 20% in the reliability index.
Loop 3 parts 1 and 2: inspection finding forecasting
The method in sections ''Defect size forecasting'' and ''Defect rate forecasting'' allows for forecasting of the defect size and rate that will be found during inspection. The input data are the welding parameters, the inspection interval, and the inspection POD. The procedure is evaluated at three inspection intervals: a new component at 0, 100, and 200 load cycles. Figure 9 shows the accumulated probability distribution function (APDF) of part finding, and Table 5 shows the mean and standard deviation growths with the load cycles. The inspections use the same POD as the original manufacturing inspection lognormal variable PDF a i . The findings take a shape close to lognormal. The integration of equation (19) (section ''Defect size forecasting'') gives the total number of findings equivalent to 32.9% of the defective parts at 100 load cycles. If the process is repeated at 200 load cycles during a second inspection, an additional 20.5% of defective parts are found. The inspections are not fully effective, because of the existence of hidden dormant defects that have not grown yet and the POD of the selected NDT.
A comparison between the number of findings and the size prediction with the real component behavior gives feedback on the readiness level of the inspection method used and the analytical procedure proposed. If the number and size of the findings are lower than those from the analytical prediction, the inspection guarantees target reliability. If not, the inspection plan needs to be changed as proposed in ''Repeating loop 1 after loop 4: Update by inspection of probabilistic damage-tolerance assessment.''
Loop 3 part 3: inspection plan
The method in section ''Fracture probability and inspection plan'' allows for an update of the reliability evaluation based on the inspection and provides a typical saw-tooth reliability graph. The input data are the defect rates that will be found during inspection and the reliability without inspection. As shown in Figure  7 , when the failure probability reaches the failure target value, an inspection is necessary to remove defective parts. Then, the procedure is evaluated at two inspection intervals of 100 and 200 load cycles. Section ''Defect rate forecasting'' determines an inspection finding rate of 32.9% of the defects in the first inspection at 100 load cycles, then the failure probability decreases below 32.9% because of the removal of defective parts. At 200 load cycles, the rate increases to 53.5%. After removal of the defect, the reliability target is achieved at 300 load cycles. Figure 10 shows the saw-tooth graph, which maintains the failure probability above the target value during component life.
Loop 4: inspection findings and welding parameter update
The method in section ''Loop 4: probabilistic damage growth model update by inspection findings'' uses a likelihood analysis to update the welding parameters. The analysis updates the nominal parameters of Table  2 until the defect size, which is estimated analytically in section ''Defect size forecasting'' ( Figure 9 and ''Fleet A'' column in Table 6 ), becomes the 20 inspection findings from the service support process at 100 load cycles. The inspection findings (''Fleet B'' column in Table 6 ) have been calculated by considering the nominal parameters in Table 2 in which component loads sa and sb have been reduced by 20%. The parameter update is guided and limited by the uncertainty weight of each variable in Table 7 , as suggested in section ''Loop 4: probabilistic damage growth model update by inspection findings.'' During the 100-load cycle inspection, 20 findings were found out of 180 components (which corresponds to a crack occurrence per weld length d of 5.0 3 10 25 = 20/p/707/180), and no component failures were reported. As mentioned in section ''Loop 4: probabilistic damage growth model update by inspection findings,'' the detected crack rate per length unit d is considered to be tuned and an update is not required.
The outcomes from the method in section ''Loop 4: probabilistic damage growth model update by inspection findings'' are described below. Table 8 The inspection update is based on the ''Fleet A'' input parameters in Table 2 and the ''Fleet B'' data. The FWMSV method explained in section ''Loop 3: reliability evaluation after inspection'' gives the ''Fleet B'' update evaluation parameters reported in Table 9 . The results provide three conclusions: first, the update of the welding parameter standard deviations is negligible compared with the welding parameter mean value contribution; second, the mean value of the material properties c is the most relevant parameter to correct the prediction value; third, several options exist to reach the finding distribution; in this case, the increase in material properties c compensates for the load reduction imposed in ''Fleet B.'' Repeating loop 1 after loop 4: update by inspection of probabilistic damage tolerance assessment
The method in section ''Loop 1: reliability evaluation and first inspection schedule'' allows for a definition of the inspection based on target reliability. As a first step, the target reliability is established and the welding parameters are defined based on section ''Loop 3: reliability evaluation after inspection'' (updated by the inspection). Next, the defect growth laws are established as described in section ''Crack growth model,'' and the reliability evaluation is carried out as explained in section ''Fracture limit state function,''''Fatigue limit state function,'' and ''Fracture probability: FORM+fracture.'' Finally, this result is compared with the required reliability and a new inspection schedule is established. In summary, loop 1 is updated after loop 4. Figure 11 shows an updated welded structure failure probability. The fracture probability curve corresponds to the ''Fleet A'' parameter evaluation and is the same as that obtained in Loop 1: Probabilistic damage-tolerence assessment. The fracture probability 80% load curve corresponds to the ''Fleet B'' parameter evaluation that considers a 20% load reduction. The reliability update by inspection curve corresponds to the ''Fleet A'' parameter update, based on the ''Fleet B'' findings (parameters in Table 9 ). As expected, an intermediate line between the ''Fleet A'' and ''Fleet B'' curves results.
Repeating loop 3 after loop 4: inspection update
The method in sections ''Defect size forecasting'' and ''Defect rate forecasting'' allows for forecasting of the defect size and rate that will exist during inspection. The input data are the welding parameters, defined in section ''Loop 3: reliability evaluation after inspection'' of this article (updated by the inspection). The procedure is evaluated at 100-load cycle inspection intervals, because the reliability requirement is not fulfilled, as shown in Figure 11 (''reliability update by inspection'' graph). The method in section ''Fracture probability and inspection plan'' allows for an update of the reliability evaluation based on the inspection and provides the typical saw-tooth reliability graph. Figure 11 . Failure probability update. Table 10 summarizes the defect rate forecasting and the defect size that overcomes 50% and 83.7% of the defects (mean value and mean plus standard deviation value). The percentage of findings has been evaluated based on section ''Defect rate forecasting.'' No defects exist at 0 cycles because of the manufacturing inspection, and the percentage of findings increases because of the number of cycles and the load severity. Table 5 in provides an update to consider the ''Fleet A'' parameter update, based on the ''Fleet B'' findings (parameters in Table 9 ). The percentage of findings is reduced from 32.9% to 15.98%, and the reliability is updated by the inspection and the defective part removal as shown in Figure 11 . The reliability increase allows for the removal of a second inspection at 200 load cycles (proposed in ''Loop 3 part 3: inspection plan'') and the reliability target rate of 1.4 3 10 24 during 300 load cycles is fulfilled.
Performance of the proposed method
This section compares the performance of the different methods used in the numerical example as explained in this article.
Loop 1: weld reliability forecasting comparison between MCS, FORM, and FORM+fracture. Figure 12 shows the comparison of the results of the conventional FORM (broken line) and the FORM+fracture method (double line) presented in this article. Both methods converge when a typical failure life time is achieved at 530 load cycles. The FORM underestimates the failure probability with a low number of load cycles, because it does not consider the variability of the welding fracture parameters. The gray line in Figure 12 adds the 10,000 MCS crack propagation analysis data that is considered the exact solution for the numerical example. The FORM is a nonconservative method because it underestimates the failure probability for all cases. The FORM+ fracture method gives a solution closer to the exact solution and is conservative with the necessary reliability requirement.
Loop 2: sensitivity performance. Table 11 shows the comparison of the weld parameters' reliability sensitivity between the conventional FORM and the FORM+ fracture method. The FORM does not consider the variability of the fracture toughness and overpredicts the sensitivity for initial crack size and material properties. For the remaining variables, both methods provide similar values. Loop 3: inspection update. The inspection update is based on reliability evaluation with a constant final crack size, as explained in section ''Defect rate forecasting.'' As shown in Figure 13 , the FORM predicts a good correlation with the 10,000 MCS crack propagation analysis data and is considered the exact solution for the numerical example in parts sections ''Loop 3 part 1 and 2: Inspection-finding forecasting'' and ''Loop3 part 3: Inspection plan''. Figure 14 shows the defect size exceedance probability as a function of the finding size at 100 and 200 load cycles. The graph shows that the FORM predicts a good correlation of the 10,000 MCS crack propagation analysis data (considering the exact solution for the numerical example).
Computing efficiency. In the example, the MCS method needs 22,000 crack propagation analyses to achieve a target reliability of 1.4 3 10 24 with 95% confidence. 12 The FORM+fracture method needs 600 crack propagation analyses, gives an excellent behavior when the failure probability to evaluate is very low, and reduces the computing time 400 times when compared with the reliability evaluation MCS. Table 12 summarizes the example reported in this article: first, the FORM+fracture needs five crack propagation analyses to evaluate the reliability for a specific number of load cycles (evaluated in 50-load cycle increments from 50 to 550 cycles: 11 3 5 = 55 to construct Figure 7) ; second, no additional analysis is needed to evaluate the variable sensitivity for all variables; third, a further 11 3 5 = 55 analyses were needed to construct Figure 9 (from a defect size of 0.36 to 10 mm) and to update the inspection plan. Finally, an evaluation of the FWMSV function, which considers 20 defects, needs 5 3 20 = 100 analyses and an update of the input variables based on the defects found needs 5 FWMSV evaluations and 500 crack propagation analyses.
Conclusion
This article presents a novel methodology for the inspection schedule in welded structures. The method is based on a probabilistic crack propagation analysis that updates input parameters to forecast the inspection findings. The uncertainty in material properties, defect inspection capabilities, calculation methods, and loads are considered. The key aspects of the proposed methodology are as follows:
1. A specific SIF is developed for welds in a plate. The formulation includes the main parameters of weld reliability (inspections, material properties, loads, welding geometry, acceptance criteria, and method uncertainties), which enables the use of elementary functions to solve the Paris law integral.
2. The conventional FORM was adapted to forecast the defect size with accuracy and to avoid explicit crack growth analyses and MCS. 3. The proposed novel FORM+fracture method improves the conventional FORM accuracy of reliability calculations significantly and provides results that are similar to the MCS results. 4. A new finding size likelihood estimator that incorporates structural failure probability was considered, which is more robust than the conventional MLE method.
The associated low computational cost enables the use of the methodology in several areas where probabilistic life calculations have not been implemented yet. During the design of welded structures, an effective design for the manufacturing process can be achieved. Second, the structural health monitoring application that incorporates a defect growth model that learns during the component lifecycle can be developed, which defines a specific inspection for each component. Third, the methodology can be used to develop a damage tolerance crack growth model, which defines improving inspection schedules based on the airplane fleet experience.
Declaration of conflicting interests
The author(s) declared no potential conflicts of interest with respect to the research, authorship, and/or publication of this article.
Funding
The author(s) received no financial support for the research, authorship, and/or publication of this article.
ORCID iD
Mikel Abasolo https://orcid.org/0000-0002-2070-5900 Figure 14 . FORM behavior to predict crack size. 
